We present exact N-soliton optical pulses riding on a continuous-wave (c.w.) beam that propagate through and interact with a two-level active optical medium. Their representation is derived via an appropriate generalization of the inverse scattering transform for the corresponding Maxwell-Bloch equations. We describe the single-soliton solutions in detail and classify them into several distinct families. In addition to the analogues of traveling-wave soliton pulses that arise in the absence of a c.w. beam, we obtain breather-like structures, periodic pulse-trains and rogue-wave-type (i.e., rational) pulses, whose existence is directly due to the presence of the c.w. beam. These soliton solutions are the analogues for Maxwell-Bloch systems of the four classical solution types of the focusing nonlinear Schrödinger equation with non-zero background, although the physical behavior of the corresponding solutions is quite different.
I. INTRODUCTION
The study of resonant interactions between coherent light and two-level media has been an active area of research for the last forty years. Typically, these interactions are described by Maxwell-Bloch systems of equations (MBEs), which are completely integrable in certain limits, which means that many analytical tools can be brought to bear on these problems. Indeed, the initial-value problem (IVP) for non-degenerate two-level systems was solved in [1, 2] , using the inverse scattering transform (IST) [3, 4] and used to characterize the phenomenon of self-induced transparency [5] [6] [7] [8] [9] . The theory was also later generalized to MBEs in the so-called lambda configuration in [10] [11] [12] [13] [14] [15] [16] , and was also used to provide a description of polarization switching phenomena [15, 17, 18] . The soliton-radiation interactions were also studied using reduced MBEs via a combination of IST and Darboux transformation [19, 20] .
On the other hand, most studies in the literature consider the case of localized optical pulses, i.e., optical fields which vanish in the far past and future. The goal of this work is to study optical pulses in MBEs with nonzero background (NZBG), i.e., with the optical field limiting to a finite, nonzero value as t → ±∞. Understanding the behavior of such systems is key to obtain a mathematical description of slow light phenomena [21, 22] . (To avoid confusion, we point out that in some earlier works the term "non-zero background" was used to indicate that some entries of the density matrix do not vanish as t → ±∞. Note, however, that the density matrix can never vanish as a whole. Therefore, here we prefer to reserve the term NZBG for cases in which the optical field is also nonvanishing as t → ±∞, denoting cases in which the optical field vanishes as t → ±∞ as zero background, or ZBG.)
Some explicit solutions of two-level MBEs, coupled MBE systems (the so-called "lambda" configuration) and related systems (e.g., mixed systems of coupled Maxwell-Bloch and nonlinear-Schrödinger equations, or Maxwell-Bloch and Hirota equations) with NZBG have recently been produced using Darboux transformations [23] [24] [25] [26] [27] [28] [29] [30] [31] , but no comprehensive theory is available. Moreover, previous studies on two-level MBEs with NZBG [23] [24] [25] only considered the so-called sharp-line limit (in which the detuning function is taken to be much narrower than the spectral width of the pulse), and are also related to complicated (and possibly unphysical) material preparations. Here, we use the IST for non-degenerate twolevel systems with NZBG and a general detuning function to derive and discuss several new exact solutions which display novel kind of behavior. We also discuss how the choice of the NZBG affects the solutions, and we show how the solutions of the present work differ from those in Refs. [23] [24] [25] .
Specifically, we consider non-degenerate two-level optical systems with one excited state and one ground state. The governing equations are the scalar MBEs, which in the light-cone reference frame can be written in matrix form as [14] 
where subscripts t and z denote partial derivatives, z = z lab and t = t lab − z lab /c are the propagation distance and the retarded time, respectively, c is the speed of light in vacuum, [A, B] = AB − BA is the matrix commutator, σ 3 is the third Pauli matrix, and g(λ) is the detuning function due to inhomogeneous broadening (e.g., as due to Doppler effect), with λ being the frequency detuning parameter. The Hermitian 2 × 2 density matrix ρ(t, z, λ) describes the quantum state of the medium, In particular, the (1, 1) and (2, 2) entries of ρ denote respectively the population of atoms in the excited and ground state. Since (1) is invariant under the transformation
, where I 2 is the 2 × 2 identity matrix and ρ o (z, λ) is an arbitrary scalar, without loss of generality we can take tr ρ = 0 for all z ≥ 0 and for all λ ∈ R. Choosing normalizations so that det ρ = −1 as usual, the matrices Q(t, z) and ρ(t, z, λ) in (1) are then
where q(t, z) is the optical field amplitude corresponding to the transitions between the two quantum states, the asterisk denotes complex conjugate, D(t, z, λ) relates to the ratio of populations of atoms in the two states, and P(t, z, λ) is the polarizability of the medium. Even though the IST can be carried out for arbitrary g(λ), for concreteness all the solutions presented below are obtained by taking the usual choice of a Lorentzian distribution [2] , namely,
(Other choices are possible, of course.) A special case is obtained when there is no detuning, and all atoms are resonant at exactly the same frequency. This case is usually called the sharp-line limit, and corresponds to the limit of (3) as → 0, in which case g(λ) yields the Dirac delta distribution δ(λ).
The main result of this work is a rich family of soliton solutions, and their characterization in terms of the unfolding of the discrete eigenvalue in the spectral plane. All of these solutions are novel to the best of our knowledge. The outline of this work is the following. In section II we present the essential elements of the IST for the MBEs (1) with NZBG. In section III we give the general expression for the soliton solutions. In section IV we discuss in detail the various classes of one-soliton solutions. Finally, section V concludes this work with a few final remarks. Further details about the IST and the soliton solution formulae are given in Appendix, together with detailed discussion on alternative choices of boundary conditions.
II. IST FOR MBES WITH NZBG
The MBEs (1) are the compatibility condition of the Lax pair [2] 
where λ plays the role of a spectral variable, φ(t, z, λ) is a matrix eigenfunction and H λ [ f (λ )] is the Hilbert transform given by the Cauchy principal value integral
(The prime in the argument of the Hilbert transform denotes the integration variable, not differentiation.) The ZakharovShabat scattering problem (4a) is the same as that for the focusing nonlinear Schrödinger (NLS) equation [32] . Thus, the direct and inverse scattering for Eqs. (1) coincide with those for the focusing NLS equation, and the only difference in the IST is the spatial dependence of the spectral data.
The IST for the focusing NLS equation with ZBG and NZBG was formulated in [32] and [33] , respectively. Here we briefly present the essential steps of the IST for Eqs. (1) with q(t, z) → q ± (z) as t → ±∞ with |q ± | = q o > 0. As with the NLS equation with NZBG [33, 34] , the eigenvalues of the scattering problem are branched because they depend on γ(λ) = (q 2 o + λ 2 ) 1/2 . One can deal with this issue by introducing a two-sheeted Riemann surface, obtained by gluing two sheets of the complex λ-plane in which γ takes on the two signs of the square root, with a branch cut on i[−q o , q o ].
On the first sheet, we take the principal branch of the square root, i.e., γ(λ) = sign(λ)
, so that the IST reduces to the case of ZBG as q o → 0. We also introduce, as in [33, 35] , the uniformization variable
which is inverted by
The formulation of the direct problem in the IST then proceeds in a manner which is essentially identical to that for the focusing NLS equation with NZBG [33] , by introducing the Jost solutions φ ± (t, z, ζ) of the scattering problem, the corresponding scattering data, which include reflection and transmission coefficients, as well as the discrete eigenvalues when applicable and the corresponding norming constants. In particular, the scattering matrix S(ζ, z) = (s i,j ) i,j=1,2 is defined by the relation φ + (t, z, ζ) = φ − (t, z, ζ)S(ζ, z) for ζ ∈ R and |ζ| = q o , the reflection coefficient is b(ζ, z) = s 2,1 /s 1,1 , and the discrete eigenvalues ζ 1 , . . . , ζ N are the zeros of s 1,1 , with associated norming constants C 1 , . . . , C N [33] . As in the MBEs with ZBG [14] , the initial state of the medium is specified by assigning boundary conditions for the density matrix (consistently with causality) as
For general initial conditions, reconstructing the solution of the MBEs (1) with NZBG requires solving a Riemann-Hilbert problem [33] . Of course, as in the case of the MBEs with ZBG, the main difference with the NLS equation is in the spatial dependence of the scattering data. A discussion of the general case is outside the scope of this work, and will be presented elsewhere [36] . In this work we limit ourselves to the case of pure soliton solutions, in which the formalism simplifies considerably. We do so in the following sections.
III. SOLITON SOLUTIONS AND BOUNDARY CONDITIONS
As usual, when the reflection coefficient is identically zero, the inverse problem can be solved in closed form, and yields the N-soliton solutions of the system (1) explicitly as
where M aug (t, z) and M(t, z) (given explicitly in Appendix, together with the corresponding expression for ρ(t, z, λ)) are completely determined in terms of the discrete eigenvalues of the scattering problem and the corresponding norming constants. Equation (9) is formally identical to the expression for the N-soliton solutions of the NLS equation with NZBG [33] , but the resulting solutions are drastically different, as we discuss in section V. Similarly to the case of the MBEs with ZBG, pure soliton solutions can only exist when ρ − (λ, z) is diagonal, i.e.,
where ν = ±1 correspond to atoms being initially in the excited state or the ground state, respectively. With this choice,
as t → −∞. (Note that, unlike the case of ZBG, P does not vanish in this limit.) Moreover, Eqs. (1b) and (3) imply that the NZBG of the optical field is independent of z . Thus, hereafter we take q − (z) = q o > 0, without loss of generality. Note that, unlike the case of ZBG, when ρ − is diagonal, the material polarization tends to a constant, non-zero value as t → ±∞. Of course one can consider different choices for ρ − (λ, z), corresponding to different medium preparations. We next briefly discuss this issue. We show that some of these choices yield solutions in which the NZBG q − depends on z, and exhibit very different behavior than the ones presented below. In particular, some of these alternative choices yield the solutions in Refs. [23] [24] [25] . However, as discussed below, the choice in (10) appears to be more natural from a physical point of view.
Some soliton solutions of the MBEs (1) with NZBG had previously been obtained using direct methods [23] [24] [25] . As we discuss next, there are two main differences between those solutions and the ones presented in this work.
(i) Previous works only considered the sharp-line limit [i.e., the case g(λ) is a Dirac delta], whereas we consider a more general scenario as in (3), with the sharp-line limit being just a special case. Thus, the formalism of the present work is more general.
(ii) All solutions presented in Refs. [23] [24] [25] correspond to a NZBG for the optical field q(t, z) that depends on z [namely, q − = q − (z)], and to a more complicated background ρ − (λ, z) for the density matrix ρ(λ, t, z). Such choices yield to essential differences from a physical point of view for the resulting solutions. Next we elaborate on this issue. To do so, we need to first discuss how the choice of ρ − (λ, z) affects the solutions.
It is relatively straightforward to show that, with a general choice of ρ − (λ, z) and a general detuning function g(λ), the quantity q − (z) is fully determined from the limit of the MBEs (1) as t → −∞ as follows:
where
with ρ −,1,1 (λ, z) being the (1, 1)-element of ρ − (λ, z), consistently with the notation used before.
Recall that λ = 0 is the normalized resonance frequency for the MBEs (1), and that the choice of ρ − (λ, z) corresponds to the initial preparation of the atoms. The simplest possible choice is of course that in which ρ − (λ, z) is independent of λ. Even if one considers situations in which ρ − (λ, z) depends on z, the most natural scenario is that in which ρ − (λ, z) is an even function of λ, unless special physical considerations dictate otherwise. When g(λ) is an even function of λ, it is easy to see from (12c) that w − (z) = 0, which in turn implies that q − (z) is also independent of z.
Here we present solutions corresponding to physically relevant choices for ρ − (λ, z), e.g., (10) . One could consider alternative choices in which ρ −,1,1 (λ, z) is an arbitrary function of λ. Such choices can yield non-zero values of w − (z) and therefore non-trivial dependence of q − (z) on z via (12). In turn, the different asymptotic behavior can result in very different solutions. In Appendix we show solutions with an alternative choice of ρ − , which indeed exhibit quite different behavior, which is similar to some solutions recently presented in the literature.
As with the NLS equation [32, 33] and the MBEs (1) with ZBG [2] , one can show that all discrete eigenvalues are independent of z. We consider N distinct discrete eigenvalues λ j = λ(ζ j ) in the upper-half plane with corresponding norming constants C j (z), parameterized respectively by
with η j > 1 and 0 < α j < π, and with ξ j and ϕ j real. Similarly to the NLS equation with NZBG, the symmetries of the scattering problem imply that, in addition to any discrete eigenvalue ζ j in the upper-half plane outsdide the circle of radius q o (i.e., with |ζ j | > q o ), an additional discrete eigenvalue ζ N+j = −q 2 o /ζ * j inside the circle is also present in the scattering problem, together with their complex complex conjugates ζ * j and ζ * N+j in the lower-half plane. The additional norming constants are
, together with their symmetric counterparts. Similarly to the case of ZBG, the evolution of the norming constants is determined by
but where now
with λ j = λ(ζ j ) and γ j = γ(ζ j ) evaluated using Eqs. (7) . Equation (14) is solved immediately to give
where the subscripts "re" and "im" denote the real and imaginary part, respectively, ξ j,0 ∈ R and ϕ j,0 ∈ [−π, π). Below we use these expressions to discuss explicitly various soliton solutions of the MBEs (1) with NZBG. For simplicity we limit ourselves to the simplest case of one-soliton solutions (N = 1), but we will see that even in this case, (9) gives rise to four types of solutions, identified by the location of the discrete eigenvalue λ 1 , as shown in Fig. 1(left) . Figure 2 presents a visual compendium of how the various solutions depend on the location of the discrete eigenvalue in the IST. The corresponding solutions are described in detail in Section IV. The generic solution is obtained when the discrete eigenvalue is in general position in the spectral plane, and represents a breather-like structure comprising a hyperbolic envelope plus trigonometic oscillations. This solution is described in Section IV.A. Distinguished limits of this general case are obtained when the discrete eigenvalue approaches the imaginary axis. The corresponding solutions depend on whether the limiting point is above the branch cut or on it. In the first limit (imaginary eigenvalue above the branch cut) the internal oscillations disappear and one obtains traveling-wave solutions describing a solitary wave on top of the NZBG. The corresponding solutions are described in Section IV.B. In the second limit (eigenvalue on the branch cut), the width of the envelope tends to infinity, and one obtains periodic travelingwave solutions. These solutions are described in Section IV.C. Finally, a further distinguished limit is obtained when the discrete eigenvalue tends to the branch point iq o . In this case one obtains rational solutions of the MBE on NZBG. These solutions are described in Section IV.D.
IV. ONE-SOLITON SOLUTIONS
For brevity, here we give q(t, z). Corresponding expressions for ρ(t, z, λ) are given in Appendix. Also, for brevity we drop the subscript "1" from the soliton parameters.
IV.A Type I: Oscillatory solitons
We first discuss solutions corresponding to discrete eigenvalues in generic position. Equation (9) with N = 1 yields and where we used the identity cosh(a − ib) = cosh a cos b + i sinh a sin b .
Two such solutions are displayed in Fig. 3 . The corresponding density matrices for all solutions discussed here are shown in Appendix.
The solution (17) describes a non-stationary oscillatory excitation traveling on top of the uniform background, with temporal frequency
This oscillatory behavior describes a cyclic transfer of energy between the light and the medium. The solution is localized along the line χ(t, z) = 0, corresponding to a velocity
in the light-cone frame. Because of the breather-like nature of the solution (17), V is the group velocity of the structure. The phase velocity (i.e., the velocity of each peak) is Figure 4 shows the soliton amplitude A and velocity V as individual functions of the discrete eigenvalue ζ 1 . One can show that in the sharp-line limit (i.e., as → 0), R(ζ 1 ) → 0, and as a result the solution (17) becomes independent of z. Hence, V = ∞, implying that the soliton travels with V lab = c, the speed of light in vacuum, in this limit. However, soliton solutions for the MBEs with ZBG have nontrivial z dependence in the sharp-line limit [2, 15] . Therefore, the two limits → 0 and q o → 0 do not commute. Physically, this means that situations in which < q o yield qualitatively different dynamics from those in which > q o .
One can also show that ω → ∞ as → 0, implying that the solitons in the sharp-line limit do not oscillate (similarly to the solitons in the case of ZBG). Hence, the internal structure that produces these oscillations is a new feature resulting from the combined presence of inhomogeneous broadening in systems with NZBG.
IV.B Type II: Traveling-wave solitons on NZBG
We now consider limiting cases of (17) , which yield solution types II-IV in Fig. 1 . Consider first the special case of a purely imaginary discrete eigenvalue ζ 1 = iq o η, i.e., α = (19) , both with the same discrete eigenvalue K = 2i, illustrating how the norming constant affects the soliton amplitude and shape. Left: ϕ 0 = 0; Right: ϕ 0 = −π/2. All other parameters are the same as in Fig. 3 . Fig. 3 but for a type-III periodic solution given by (21) (left) with α = π/4, and a type-IV rational solution in (22) (right). All other parameters are the same as in Fig. 3. π/2. In this situation R re (ζ 1 ) = 0, implying ϕ(z) = ϕ 0 , and the solution in (17) reduces to
FIG. 6: Same as
with (20) and ξ(z) still given by (16a). Two such solutions are shown in Fig. 5 .
Unlike the type I solutions, solitons given by (19) have an invariant temporal profile, like the solitons of the MBEs with ZBG. (This is because as α → π/2 the temporal dependence of s(t, z) vanishes.) Unlike the case of ZBG, the maximum amplitude A from the background depends not only on the discrete eigenvalue, but also on the norming constant, namely
IV.C Type III: Periodic solutions
Special solutions are also obtained in the limit when the discrete eigenvalue approaches the branch cut. More precisely, as η → 1 with α = π/2, which corresponds to the discrete eigenvalue λ(ζ 1 ) approaching the segment [0, iq o ], (17) yields
where χ = ln(q o | sin 2α|) − ξ 0 is now constant, and
As η → 1, χ becomes independent of t and z. Thus the only (t, z)-dependence of the solution arises from s(t, z), which only appears in trigonometric functions. As a result, (21) is periodic with respect to both the spatial and temporal variables, with temporal frequency ω = q o cos α/π, and spatial period L = 2π/R . One such solution (21) is shown in Fig. 6(left) . The envelope of a type I solution stretches out to infinity as η → 1. The limit, given by (21) , describes a periodic transfer of energy between the light and the medium. The solution (21) does not tend to a constant value for q(t, z). This is similar to what happens for the Akhmediev breathers in the NLS equation [33] . Nonetheless, (9) also holds for η = 1, in which case it yields (21). In this limit, the group velocity loses its meaning, and the phase velocity is simply
Once more, R → 0 as → 0, and the resulting solution does not depend on z. Moreover, the solution vanishes in the ZBG limit, i.e., as q o → 0. In other words, the periodic solution is a novel feature arising from the presence of the NZBG.
IV.D Type IV: Rational solutions
Further exact solutions are obtained when the discrete eigenvalue approaches the branch point, i.e., ζ 1 → iq o . This corresponds to the limit η → 1 of the solution (19) or equivalently to the limit α → π/2 of the solution (21) , in which case ω → 0 (i.e., the resulting solution becomes localized in t). By appropriately rescaling of the norming constant, which ensures that the peak of the soliton is kept at a fixed location in the limiting process, this limit yields the following rational solutions of the MBEs (1):
where (22) describes a traveling-wave solution of the MBEs on NZBG, with maxi-
An example of this solution is shown in Fig. 6(right) . In the sharp-line limit, g(iq o ) → 0, implying that the solution becomes independent of z and travels with the speed of light in vacuum. It is also easy to show that this rational solution vanishes in the ZBG limit.
V. DISCUSSION
From a spectral point of view, solutions of types I-IV are the MBE analogue of the Tajiri-Watanabe [37] , KuznetsovMa [38, 39] Akhmediev [40] and Peregrine [41] solitons of the NLS equation, respectively. But the behavior of the solutions in the two models is very different. (Type II solitons are traveling-wave solutions, whereas Kuznetsov-Ma solitons are periodic in space and localized in time. Similarly, type III solutions are periodic in both space and time, whereas Akhmediev breathers are periodic in time and localized in space. Finally, type IV solitons are traveling-wave solutions, whereas Peregrine solitons are localized in both space and time.)
Compared to the MBE with ZBG, the addition of a NZBG drastically affects the behavior of the solutions, which acquire an extra degree of freedom and in general are not traveling-wave solutions anymore, but rather breather-like in nature, with a structure characterized by a modulated amplitude with distinct phase velocity and group velocity. We have also shown that special limits of this general solution arise when the discrete eigenvalue approaches the imaginary axis, in which case the structure either limits to a periodic solution (when the modulus of the discrete eigenvalue is less than that of the NZBG) or reduces back to a traveling wave (in the opposite case).
From a practical point of view, the results of this work mean that one could approach each of these solutions by tuning appropriate parameters in the experimental set-up. We also reiterate that it is crucial to consider the case of inhomogeneous broadening as opposed to the sharp-line limit, because in the latter case one could easily end-up with physically unrealizable solutions. as discussed in section III.
We also note that, even though for simplicity we only discussed one-soliton solutions, the formalism described in section II is quite general, and allows one to generate N-soliton solutions for arbitrary N, including solutions with combinations of the various kinds of eigenvalues.
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APPENDIX
Here we provide further details on the general N-soliton solutions of the MBEs (1), as well as formulae and plots of the density matrix corresponding to the soliton solutions presented in the main text. Additionally, we also provide solutions that corresponding to different choices of the boundary conditions for the density matrix.
N-Soliton solution formulae and density matrices
We use the same parameterization for the N discrete eigenvalues ζ 1 , . . . , ζ N and corresponding norming constants as in the main text. [Recall that the norming constants C 1 , . . . , C N are given explicitly by Eqs. (16) in the main text.] Similarly to the nonlinear Schrödinger (NLS) equation with nonzero background (NZBG), the symmetries of the scattering problem imply that, in addition to any discrete eigenvalue ζ j in the upper-half plane outsdide the circle of radius q o (i.e., with |ζ j | > q o ), an additional discrete eigenvalue ζ N+j = −q 2 o /ζ * j inside the circle is also present in the scattering problem, together with their complex complex conjugates ζ * j and ζ * N+j in the lower-half plane. where asterisk denotes complex conjugation. The additional norming constants are
, together with their symmetric counterparts.
To write the N-soliton solution in compact form, it is convenient to define the scalar, vector and matrix quantities
Then the optical field q(z, t) is given by Eq. (9) in the main text with
where I is the 2N × 2N identity matrix. The corresponding density matrix is reconstructed using the relation
where ν = ±1 indicates the initial state of atoms, σ 3 = diag(1, −1) is the third Pauli matrix, and the modified matrix eigenfunction µ(t, z, ζ) = φ(t, z, ζ) e −iγtσ 3 is given by
where X n , Y n ,X n ,Ỹ n for n = 1, . . . , 2N are given by the solution of the following linear system:
Below we give the first two entries of µ(t, z, ζ) for all four types of solutions discussed in the main text, [omitting the corresponding expressions for ρ(t, z, λ) for brevity]. Note that for ζ ∈ R, µ(t, z, ζ) satisfies the symmetries µ 2,1 (t, z, ζ) = −µ * 1,2 (t, z, ζ) and µ 2,2 (t, z, ζ) = µ * 1,1 (t, z, ζ), so the other two entries can be easily obtained. Moreover, recall Eq. (2), we will only plot D(t, z, λ) and |P(t, z, λ)| in all figures. Importantly, notice that γ(λ) is discontinuous at λ = 0, and as a result, so is the density matrix ρ (t, z, λ) . In all figures we show the entries of ρ(t, z, λ) in the limit λ → 0 + .
Type 1. Oscillatory solitons
Recall the discrete eigenvalue is ζ 1 = ηq o e iα . Introducing the shorthand notationζ = −q 2 o /ζ, the matrix µ is
Two density matrices corresponding to the same choice of parameters that yield the soliton solutions in Fig. 3 are shown in Fig. 7 .
Type 2. Traveling wave solitons
The discrete eigenvalue in this case is ζ 1 = iηq o . The soliton solution for the optical field is given by Eq. (19) . The corresponding density matrix is obtained by Eq. (A.1), with µ(t, z, ζ) given by
(A.5c) Two such density matrices are shown in Fig. 8 here, corresponding to the two soliton solutions in Fig. 5 in the main text.
Type 3. Periodic solutions
The discrete eigenvalue in this case is ζ 1 = q o e iα . The matrix µ(t, z, ζ) is Boundary conditions for the density matrix and alternative solutions
Recall the discussion in the main text on different choices of the boundary conditions. We hereby provide examples of soliton solutions with an alternative (less physically important) BC. We consider the mathematically interesting solutions with the following choice of BC:
Such a BC would seem to be rather unphysical, because it corresponds to a situation in which the material preparation depends on the detuning parameter (with different signs according to the atoms' relative velocities), Nonetheless, with this choice, the evolution of the norming constant with respect to z [as determined by Eq. (14)] is very different from Eqs. (15) and (16) solutions change dramatically. For instance, in the sharp-line limit, the rational solution becomes The behavior of the solution in Eq. (A.9) (which is qualitatively similar to that of the solutions in Refs. [24, 25] ) is quite different from Eq. (22) [cf. Fig. 6 (right)], and is surprisingly similar to that of the Peregrine soliton of the NLS equation [41] . An example of a solution of type III and a solution of type IV generated by the BC in Eq. (A.8) is shown in Fig. 10 .
